The formulation of Berry for the Aharonov-Bohm effect is generalized to the relativistic regime. Then, the problem of finding the self-adjoint extensions of the (2+1)-dimensional Dirac Hamiltonian, in an Aharonov-Bohm background potential, is solved in a novel way. The same treatment also solves the problem of finding the self-adjoint extensions of the Dirac Hamiltonian in a background Aharonov-Casher.
A novel systematics for the computation of the energy eigenfunctions of a spinless electrically charged nonrelativistic particle in the presence of an Aharonov-Bohm [1] external potential, was put forward by Berry [2] sometime ago. We propose here a generalization of this systematics to the case where the particle is a relativistic electron. As will be shown, the set of eigenfunctions found through this generalization serves as a basis for writing any function in the domain of self-adjointness of the corresponding Dirac Hamiltonian. This corroborates the correctness of our proposal, which can also be used to obtain the selfadjoint extensions of the Dirac Hamiltonian in an Aharonov-Casher [3] background field.
The extension of Berry's ideas to the relativistic regime is the original contribution in this work.
To make this paper self contained, we start by reviewing the main features of Berry's formulation [2] . As known, the Hamiltonian operator H( r, p) describing the dynamics of a spinless two-dimensional nonrelativistic particle (mass m and electric charge e) in the presence of an external static magnetic field
where r ≡ (x 1 , x 2 ) are the particle coordinates, p ≡ (p 1 , p 2 ) are the corresponding canonically conjugate momenta and H 0 ( r, p) is the free particle Hamiltonian. The energy eigenfunctions of the operator H can formally be constructed in terms of those of H 0 as follows [4] 
where r 0 is an arbitrary fixed point. The trouble with this construction is that it leads to multivalued wave functions. Furthermore, Eq.(1) also sais that the magnetic field has no effect on the probability density |ψ| 2 , which is incorrect. In particular, the vector potential of the Aharonov-Bohm background [1] is A( r) = Φφ/2πr and, correspondingly, B = Φδ( r) (we designate by r and φ the polar coordinates and by Φ the magnetic flux). The computation of the magnetic phase factor in the right hand side of (1) is, in this case, straightforward and one finds that ψ( r) = e ikr cos(φ−θ) + iαφ , where α ≡ eΦ/2πhc and ψ 0 ( r) is a plane wave whose momentumh k makes an angle θ with the positive x 1 -direction (k ≡ | k|). For α not an integer, the multivaluedness of ψ( r) is explicit.
To remedy this failure, Berry [2] proposed an alternative procedure for constructing ψ( r) from ψ 0 ( r). The new strategy consists of two steps. First, one recognizes that the partial wave expansion of ψ 0 ( r) (J |l| (kr) is the Bessel function of the first-kind)
can be rewritten as
Secondly, each individual term in (3) is magnetized according to the recipe
One can easily convince oneself that
which agrees with the expression obtained by Aharonov and Bohm [1] . Observe that the sum
The term T 0 n has been referred by Berry [2] as the nth whirling wave.
We turn now into generalizing the systematics of Berry [2] to the relativistic regime, which is the main purpose of the present work. The Dirac Hamiltonian (H D ) describing the quantum dynamics of a relativistic electron (rest mass m and electric charge e) under the action of an Aharonov-Bohm potential can be written as
where
is the free Dirac Hamiltonian, ǫ ij denotes the antisymmetric Levi Civita tensor, σ 1 , σ 2 and σ 3 are the Pauli spin matrices, and s = ±1.
The positive energy eigenfunction of H
where E = + √ m 2 c 4 + c 2 p 2 is the corresponding energy eigenvalue, p ≡ | p| and p =h k is the linear momentum of the free electron. It will prove convenient to write its partial wave expansion in the form
where ǫ + (l) = 1 if l ≥ 0 and ǫ + (l) = −1 if l < 0. By following steps similar to those described in connection with the nonrelativistic particle, one obtains the whirling wave decomposition of the upper and lower components of ψ 0 k ( r), namely,
Again, one can think of the n-th term in each summation of (10) as of a wave arriving at φ after making n-th anticlockwise circuits around the origin.
We next conjecture that the effect of adding an Aharonov-Bohm potential is correctly taken into account by magnetizing each whirling wave entering in the decomposition (10).
In other words, the energy eigenfunction ψ k ( r), describing a relativistic spinning particle in the presence of an Aharonov-Bohm background potential, can be obtained from ψ
This is what we meant in the opening paragraphs of this paper by generalizing the formulation of Berry [2] to the relativistic regime. The conjecture (11) is the main contribution of the present work and its meaningfulness will be substantiated by comparing our results with those obtained by other authors [5, 6] for the same problem 1 .
By undoing the steps which carried us from Eq. (8) to Eq.(10), one arrives to the following algebraic form for ψ k ( r)
Two facts can now be established. First, ψ k ( r) is a single-valued solution for the eigen- (6) and (7) after setting s = +1.
Second, any function (f ( r)) in the domain of self-adjointness of H D + can be written as The self-adjoint extension we just found is certainly not unique. In fact, we can replace (9) by the equivalent expansion
1 We are interchanging integrations and infinite sums without control of convergence. These formal manipulations can not be taken as a substitute for the rigorous derivations in Refs. [5, 6] , without which one could not trust the results presented in this paper, but as an interpretation of them.
where ǫ − (l) = 1 if l > 0 and ǫ − (l) = −1 if l ≤ 0. Hence, after magnetizing each whirling wave in (13) one finds that
which is also a single-valued eigenfunction of the operator H The situation for s = −1 can be similarly treated.
The last part of this note is dedicated to verify the consistency of our proposal for generalizing Berry's formulation [2] to the relativistic regime. We shall, then, be comparing the results obtained by us with those that already appeared in the literature [5, 6] .
In Ref.
[5] the massive Dirac Equation in an Aharonov-Bohm background potential was solved under appropriate boundary conditions. These conditions were chosen so as to secure that the domain of the Hamiltonian was that of its adjoint. The outcome was a oneparameter family of self-adjoint extensions, whose existence was confirmed by the method of deficiency indices [7] . Now, the Hamiltonian in Ref. [5] is unitarily equivalent to H D + , since the unitary matrix
maps the gamma matrices used by us, for s = +1, onto those in Ref [5] . One can indeed verify that the eigenspaces {U + ψ k ( r)} and {U + ψ ′ k ( r)} are, respectively, those labeled by µ = 0 and µ = π/4 in Ref. [5] . 2 . The point to be stressed here is that, whereas in Ref. [5] a judicious choice of the boundary conditions is essential for finding the self-adjoint extensions of H D + , the method of whirling waves led directly to the correct result. We then conclude that the method of whirling waves already incorporates the correct boundary conditions, this being true for the relativistic as well as for the nonrelativistic situations.
On the other hand, in Ref. [6] it is first recognized that the operator (H D ) 2 −m 2 c 4 involves a delta function at the origin. After regularizing this delta interaction, the solving of the eigenvalue problem yields self-adjoint extensions of H D for s = ±1. Our gamma matrices representations are unitarily equivalent to those in Ref. [6] . For s = +1 the mapping is implemented byŪ + ≡ U + † . One can check that {Ū + ψ ′D + } coincides with the corresponding domain in Ref. [6] .
To summarize, we have presented in this work a generalization of the formulation of Berry [2] which accounts correctly for the quantum dynamics of a relativistic electron in the presence of an Aharonov-Bohm external potential. Since the problems are mathematically identical, one may also use the technique of whirling waves to find the self-adjoint extensions of the Dirac Hamiltonian in a background Aharonov-Casher [3, 8, 6 ].
